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Abstract
In this paper a suitable de/nition of ovoid in linear spaces is given and a characterization of
the Galois space PG(3; q) as a /nite linear space containing an ovoid is obtained.
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1. Introduction
A /nite linear space is a pair L=(P;L) consisting of a v-set P, the elements of
which are called points, and a family L of b subsets of P, called lines, such that two
distinct points x; y belong to a unique line 〈x; y〉, every line contains at least two points
and there are at least two lines. The degree of a point x (of a line L) is the number
rx of lines through x (the number kL of points on L). Three points on a common line
are said to be collinear.
The linear spaces with pairwise intersecting lines are the projective planes and the
near-pencils on v points (i.e., with a line of degree v− 1 and a unique external point,
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called the centre). A double near-pencil on v points is a linear space with a line of
degree v− 2 and all the others of degree two.
A subspace S of L is a subset of P containing the line through every pair of its
points. Obviously, the empty set, a point, a line and P are subspaces. Moreover, the
intersection of any family of subspaces is a subspace. Thus, any subset X of P spans
the subspace 〈X 〉, intersection of all the subspaces containing X . The dimension of L
is the integer
dim L= min(|X | | 〈X 〉=P)− 1:
A planar space is a linear space with a family P of at least two subspaces (called
planes) such that every three non-collinear points belong to a unique plane and any
plane contains at least three non-collinear points.
An interesting problem on /nite linear spaces is the characterization of incidence
structures satisfying suitable combinatorial conditions. Results in this context are the
well known characterization of Galois spaces of dimension at least 3 as /nite pla-
nar spaces whose planes are projective planes and whose lines have at least three
points (see [14]) and embedding theorems of linear and planar spaces and lattices in
Galois geometries (see, for example, [2,3,4,5,6,8,9,10,11,13,14]). In particular, the pa-
pers [5,6,13] give conditions on the embeddability of planar spaces in which suitable
caps exist.
As in the case of Galois spaces, an n-cap in a /nite linear space L=(P;L) of
dimension d¿3 is a subset  of n points intersecting every line in at most two points.
The 0-secant, 1-secant and 2-secant lines will be called external, tangent and secant
lines and their numbers will be denoted by b0; b1 and b2, respectively. The tangent
set at a point x ∈  is the union Hx of all the lines tangent to  at x. An ovoid in
a Galois space PG(d; q) is an n-cap such that the tangent sets are hyperplanes. It is
well known that ovoids exist only in PG(3; q) (see [7] and, for odd q, they are elliptic
quadrics [1,12]). In the even case, the Tits ovoids are examples of ovoids, which are
not quadrics (see [7]).
A /nite linear space L=(P;L) of dimension d¿3 is called n-ovoidal if there is an
n-cap  satisfying the following conditions:
(i) b06b2,
(ii) ∀x; y∈; x =y; Hx ∩Hy is a line intersecting any tangent through x and y,
(iii) Three distinct tangent sets intersect in a point,
(iv) A secant line and a tangent set intersect in at most one point.
In this paper we characterize the n-ovoidal linear spaces. Precisely, we obtain the
following result.
Theorem. If L=(P;L) is an n-ovoidal linear space, then either n=2 and L is a
double near-pencil or n=q2 + 1; L is a Galois space PG(3; q) and  is an
ovoid.
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2. Proof of the Theorem
Step 1. The number tx of tangents and the number sx of secants through a point
x ∈  is constant. If t and s are these numbers, then
s=n− 1;
rx= t + n− 1; ∀x ∈ :
Proof. Obviously we have s= ||−1=n−1. Moreover, by condition (ii), the tangents
through two points x; y ∈  are exactly the lines 〈x; a〉; 〈y; a〉, with a on the line
Hx ∩Hy. Hence, tx= |Hx ∩Hy|= ty.
Step 2. All the lines Hx ∩Hy are external and b0=b2. Moreover, for every external
line E, there are exactly two points x; y ∈  such that E=Hx ∩Hy.
Proof. Let S be a line meeting  in the points x; y. By (iv), the line ES=Hx ∩Hy does
not contain both points x and y, for instance x =∈ES , and is external, since Hx ∩={x}
and Hy ∩={y}. Denoted by Sec and Ext the sets of secant and external lines, re-
spectively, consider the map ’ : S ∈Sec→ES ∈Ext. Let S1 and S2 be two secant and
suppose that E1=’(S1)=’(S2) = E2 and let {xi; yi}=Si ∩. If S1 and S2 are distinct,
then at least three of the points x1; y1; x2; y2 are distinct, for instance x1; y1; x2, and the
line E1=E2 would be a point, since it is contained in Hx1 ∩Hy1 ∩Hx2 . It follows that
the map ’ is injective, hence b0= |Ext|¿|Sec|=b2.
Step 3. Any tangent set Hx is a subspace of L.
Proof. Let L be a line with two distinct points a; b in common with Hx. By condition
(iv), L is not secant. If L contains x and the point a is distinct from x, then L coincides
with the tangent line 〈x; a〉 and is contained in Hx, by de/nition of Hx. If L does
not contain x; L is not tangent to : otherwise, denoted by y the point of tangency,
since a; b ∈ L⊆Hy, it follows that L coincides with the exterior line 〈a; b〉=Hx ∩Hy, a
contradiction. Therefore, L is external and so, by Step 2, L=Hu ∩Hv, for a suitable pair
u; v of distinct points of . Moreover, since a; b∈L∩Hx, we have a; b∈Hx ∩Hu ∩Hv,
hence, by condition (iii), x must coincide with one of the points u; v and L belongs
to Hx.
Step 4. The external lines have degree t.
Proof. Let E=Hx ∩Hy be an exterior line. By condition (ii), the tangents to  at x
are the lines 〈x; a〉, with a on E, hence t= |E|.
Step 5. If n=2, then L is a double near-pencil.
Proof. Let n=2 and suppose ={x; y}. The line L=〈x; y〉 is the unique secant, hence
b0=b2=1. Let E be the unique external line and suppose that L∩E={o}. Then
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P=L∪E, otherwise a line through o diLerent from L and E should be external, and
hence Hx ∩Hy=E\{o}, contradicting assumption (ii). Therefore, L and E are dis-
joint. Since b2=1, it then follows that L contains only the points x and y. Moreover
P=L∪E, otherwise Hx ∩Hy should contain the line E and one more point, contradict-
ing assumption (ii).
In the sequel, we shall suppose n¿3.
Step 6. The tangent subspaces are either projective planes of order q= t − 1 or
near-pencils.
Proof. Let us prove that every two lines on any tangent subspace Hx; x ∈ , intersect.
Let L;M be two lines of Hx. If L;M are both tangent, then L∩M=x. If L is tangent
and M is external, by Step 2, M=Hx ∩Hy, for a suitable y on , and L∩M =? by
condition (ii). Since by condition (iv), on Hx there are no secant lines, the case in
which L and M are both external remains to be examined. By Step 2, there are two
distinct points y; z on , diLerent from x, such that L=Hx ∩Hy and M=Hx ∩Hz. By
condition (iii), it then follows that L∩M=Hx ∩Hy ∩Hz. Therefore each Hx is either
a projective plane of order q= t − 1 or a near-pencil.
Step 7. Since n¿3, all the tangent subspaces are projective planes.
Proof. Let x be a point on  and E a line on Hx missing x. Since Hx ∩={x}; E is
external and so, by Step 2, there exists a unique point y ∈ \{x} such that E=Hx ∩Hy.
Hence the number of external lines on every tangent subspace is ||−1=n−1 and these
subspaces are either all projective planes or all near-pencils. Moreover, a subspaces Hx
cannot be a near-pencil of centre x, otherwise we would have n− 1=1, contradicting
the hypothesis n¿3. Let us suppose that the tangent subspace Hx be a near-pencil with
centre a point a diLerent from x and let Tx be the long tangent line through x on Hx.
For every other point y on , the tangent subspace Hy intersects Hx in an external line
and hence in a line of degree 2 through the point a, say L={a; b}. Therefore Hy is a
near-pencil with centre in the point a. Moreover the line 〈a; y〉 consists of two points:
otherwise, given a point z ∈ 〈a; y〉\{a; y}, the line 〈b; z〉={b; z} on Hy is external
and hence, by Step 2, there is a point w on  such that 〈b; z〉={b; z}=Hw ∩Hy, a
contradiction since Hw must contain a. Then:
(i) All the tangent subspaces are near-pencils of centre , not belonging to the long
tangents, and the external lines have degree 2 and contain the point a.
Given a point b∈Tx\{x}, the line 〈a; b〉={a; b} is external, hence there is a unique
point y on \{x} such that 〈a; b〉={a; b}=Hx ∩Hy. It follow that:
(ii) The long tangents have degree n= ||.
Since each tangent subspace Hu passes through a, the line 〈a; u〉={a; u} is tangent
and so the point a does not belong to secant lines. Counting in two ways the Nags
(E;H), with E an external line and H a tangent subspace containing E, we have
2|Ext|=(n− 1)(# tangent subspaces)=n(n− 1);
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hence
(iii) The point a belongs to n tangent lines of degree 2, to n(n−1)=2 external lines
and to no secant line. Then v=(n2 + n+ 2)=2.
Given a line S, intersecting  at the points x and y, for every point z on S\{x; y}
the line 〈a; z〉 cannot be tangent, otherwise it would have degree greater than 2. Hence
〈a; z〉={a; z} is external and there are only two tangent subspaces intersecting in the
line 〈a; z〉={a; z}, which are the only tangent subspaces through z. Counting in two
ways the pairs (z; H), with z ∈ S\{x; y} and H tangent subspace through z, we have
2(|S| − 2)6n− 2. Therefore:
(iv) Every secant line has at most (n+ 2)=2 points.
Let c be a point not on  diLerent from a, the line 〈c; a〉 is external, so there are
two tangent subspaces Hx; Hy such that Hx ∩Hy=〈c; a〉={c; a} and so c belongs to
the unique external line 〈c; a〉={c; a}, to the two long tangents Tx and Ty and all
the other lines through c are secant. Denoted by ! the number of secants, we have
2!= |\{x; y}|=n− 2. Therefore,
(v) !=(n− 2)=2 and n is an even number greater than 4.
Counting the number of points on the lines through a point c =∈, it follows:
(vi) v6(n2 + 6n)=4.
The relations (iii) and (vi) give (n− 2)260, a contradiction.
From now on, we shall suppose that L is not a double near-pencil, all the tangent
subspaces are projective planes of order q= t− 1 and all the tangent and exterior lines
have degree q+ 1.
Step 8. The following relations hold.
n= ||=q2 + 1;
s=q2;
t=q+ 1;





b=b0 + b1 + b2=(q2 + 1)(q2 + q+ 1):
Proof. Let x be a point on . Obviously, the tangents through x are the q + 1 lines
of the projective plane Hx, then t=q + 1. Since the q2 lines of Hx not through x are
external, by Step 2 they are in one-to-one correspondence with the points of \{x},
hence q2= |\{x}|=s and rx=q2 +q+1. By Step 2, the other relations simply follow
by counting in two ways the Nags (x; L), with x ∈  and L tangent or secant.
Step 9. Every line of L meets each plane Hx. Then all the points have degree
q2 + q+ 1.
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Proof. Let L be a secant and {a; b}=L∩. Obviously, L meets both Ha and Hb.
Every plane Hx; x = a; b, does not contain points a and b, then the number of lines
joining one of them with the points of Hx is |Hx|=q2 + q + 1. Since by Steps 1 and
8 we have ra=rb=q2 + q+ 1, all the lines through the point a (and b) meet Hx and,
in particular, L∩Hx = ∅. Let now L be either tangent or external. Then there is at
least one point y∈ such that L⊆Hy. For every point z ∈\{y}, the line Hy ∩Hz is
contained in Hy and hence it meets L. Therefore, L meets Hz.
Step 10. There is no point of L belonging to only secant lines.
Proof. If such a point c exists, the q2 + q+1 lines through it give a partition of  in
blocks of order two, hence 2(q2 + q+ 1)= ||=q2 + 1, a contradiction.
Step 11. Every point of L belongs to q+ 1 tangent lines.
Proof. Let a be a point of L. If a∈, the tangents through it are exactly the q + 1
lines on Ha through a. Let now a =∈. By Step 10, there exists at least a line through
a either tangent or external, so there exists a point x0 ∈ with a∈Hx0 . Denoted by
L0=〈x0; a〉 and M1; : : : ; Mq the q + 1 lines through a in the plane Hx0 ; L0 is tan-
gent and M1; : : : ; Mq are external. By Step 2, there are q points x1; : : : ; xq on  such
that Mi=Hx0 ∩Hxi ; i=1; : : : ; q. Hence the lines Li=〈a; xi〉 are tangent to  at xi. If
L is a tangent through a at a point x∈, then a∈Hx and the line M=Hx ∩Hx0
passes through a and is contained in Hx0 . Therefore, M is one of the lines Mi, hence
x=xi; L=Li and the tangent through a are the q+ 1 lines L0; L1; : : : ; Lq.
Step 12. The secant lines have degree q+ 1.
Proof. A point on  belongs to a unique tangent plane and, by Step 11, a point not
on  belongs to q + 1 tangent planes. Let now S be a secant and x; y the points of
intersection of S and . Since x and y belong to the unique tangent planes Hx and Hy
and every point of S\{x; y} belongs to q+1 tangent planes, counting in two ways the
point-plane pairs (z; H), with z ∈ S\{x; y} and H a tangent plane through z, we have
|S\{x; y}|(q+ 1)=q2 − 1, then |S|=q+ 1.
Step 13. L has q3 + q2 + q+ 1 points.
Proof. It suPces to observe that, by Step 12 and since all the tangent subspaces are
projective planes, all the lines have degree q + 1 and, by Step 9, all the points have
degree q2 + q+ 1.
Let now " be the set of subspaces of L, each spanned by three non-collinear points.
Step 14. Every element of " is a projective plane of order q and each tangent
plane belongs to ".
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Proof. Let #=〈a; b; c〉 be an element of ". Since # is a subspace, the lines 〈a; x〉,
with x∈ 〈b; c〉, are contained in #, hence |#|¿q2 + q + 1. Moreover, since dim L¿3,
there is a point d =∈ #. The lines joining d with the points of # are distinct, then
|#|6rd=q2 + q+ 1 and so |#|=q2 + q+ 1. Let now L;M be two distinct lines on #
and x a point on L\M . Since |#|=q2 + q+1, the lines on # through x are exactly the
q + 1 lines joining x with the points of M . Hence, L meets M and # is a projective
plane. Finally, given a tangent plane Hu and two points v; w on it non-collinear with
u, we have #=¡u; v; w¿⊆Hu and then #=Hu, since |#|=q2 + q+ 1= |Hu|.
Step 15. L=PG(3; q) and  is an ovoid.
Proof. The family " de/nes on L a structure of planar space whose planes are pro-
jective planes of order q. Therefore, L is a projective Galois space of order q and, by
Step 12, it has dimension 3.
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